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Abstract: We investigate the convergence of relativistic hydrodynamics in charged fluids
using two different techniques, within the framework of holography. On the one hand, we
consider the analyticity properties of the dispersion relations of the hydrodynamic modes on
the complex frequency and momentum plane and on the other hand, we perform a perturbative
expansion of the dispersion relations in small momenta to a very high order. In both cases,
we extract the radius of convergence, with the results exhibiting good quantitative agreement.
We see that for different values of the charge, different types of pole collisions set the radius of
convergence. The latter turns out to be finite in the neutral case for all hydrodynamic modes,
while it goes to zero at extremality for the shear and sound modes. Furthermore, we also
establish the phenomenon of pole-skipping for the Reissner-Nordstro¨m black hole, and we find
that the value of the momentum for which this phenomenon occurs need not be within the
radius of convergence of hydrodynamics.
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1 Introduction
Charged hydrodynamics is an effective theory of fluids describing the evolution of conserved
quantities, namely energy, momentum and local charge density, when near equilibrium. In the
relativistic setting, which is the focus here, one starts with the perfect fluid stress tensor and the
electric current and systematically corrects them by adding higher gradient terms. Each of the
latter enters multiplied by a transport coefficient, which is simply a function of the equilibrium
temperature and chemical potential. Fixing these transport coefficients is equivalent to fixing
a microscopic theory. This is a very universal statement, which makes hydrodynamics a very
powerful approach.
A charged homogeneous and isotropic relativistic fluid which exhibits a hydrodynamic limit
supports collective excitations in the form of shear, sound and charge diffusion modes. These
modes arise by considering linearised fluctuations of the local hydrodynamic variables around
the equilibrium configuration. They describe the transverse gauge and velocity fluctuations,
the propagation of the longitudinal velocity fluctuation and the fluctuation of the energy and
the pressure, and the diffusion of the fluctuations of the charge density. The frequency of these
modes is controlled by their momentum, k, through the dispersion relations
ωshear(k) = −iD k2 + . . . ,
ωsound(k) = ±vs k − i
Γs
2
k2 + . . . ,
ωcharg(k) = −iDR k2 + . . . , (1.1)
where vs is the speed of sound, D = η/( + p), DR is the charge diffusion constants and
Γs = [ζ +
2d−4
d−1 η]/(+ p). Here d is the number of spacetime dimensions,  is the energy density,
p is the pressure, η is the shear viscosity and ζ is the bulk viscosity. The terms shown above
come from a derivative expansion to first order, while higher order terms in the derivative
expansion will appear with higher powers of k. For a review of relativistic hydrodynamics, we
refer the interested reader to [1].
In order to determine the precise values of the coefficient appearing in (1.1), one needs to
fix an underlying microscopic theory. The holographic framework provides such microscopi-
cally complete theories. In particular, in this work we will focus on a holographic model given
by Einstein-Maxwell theory in AdSd+1 with the equilibrium configuration described by the
Reissner-Nordstro¨m black brane. The linear modes (1.1) holographically correspond to quasi-
normal modes (QNMs) associated with poles of retarded correlators of the conserved currents.
The aim of this paper is to further investigate the analytic properties of correlators in
the complex momentum plane for a charge fluid within the framework of holography. This is
an interesting direction to pursue because it will shed light on the convergence properties of
hydrodynamics, its radius of convergence and the possibility of resumming it in order to extract
information about the microscopic theory beyond its hydrodynamic limit.
The convergence of hydrodynamics, including determining its radius of convergence and
resumming, has been addressed before in the literature. Focusing on boost-invariant flows,
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where the additional symmetries of the problem lead to major simplifications, [2] showed that
the late proper time expansion is typically asymptotic. The issue with convergence comes
because of contributions from short-lived non-hydrodynamic modes in the spectrum. This was
concluded through Borel-Pade and resurgence techniques which have been used to resum the
perturbative series in order to extract information about these non-hydrodynamic modes [3–
12]. Resummation of hydrodynamics was also discussed in the context of the kinetic theory [13]
and cosmological models [14], while in the context of the fluid/gravity correspondence it was
investigated in [15], building on [16].
Focusing on linearized hydrodynamics but not assuming any additional symmetries, the
convergence of the hydrodynamic series in the shear-diffusion channel in d = 3 was investigated
in a holographic model involving a dual AdS4-Reissner-Nordstro¨m black brane [17] for a par-
ticular value of the charge Q. Using the coefficients of a small momentum expansion of the
dispersion relation, [17] concluded that the radius of convergence of the shear-mode series was
finite and given by
kshearc =
+ p
2µ
√
η
. (1.2)
The obstruction to convergence was associated to a (square-root) branch point at purely imag-
inary momentum, k = i kshearc , caused by a collision with a gapped QNM. This non-analyticity
was the closest to k = 0 and thus was the one to set the radius of convergence. [17] proceeded
then to Pade-resum the asymptotic series and extend it beyond the branch point onto the first
non-hydrodynamic sheet. Going beyond and onto the second non-hydrodynamic sheet required
another resummation due to the presence of a second branch cut and eventually led to the
recovery of the first non-hydrodynamic mode. Note that the formula above is inversely propor-
tional to the chemical potential, µ, and thus if one extrapolates to µ = 0, it suggests that this
type of non-analyticity takes place at infinity. Of course this does not exclude the possibility
of other critical points appearing at smaller value of the momenta, which as we will see is the
case here.
In the absence of a chemical potential, [18, 19] investigated the convergence of the hy-
drodynamic expansion in several cases, including a holographic model with d = 4 boundary
dimensions involving the Schwarzschild-AdS5 black brane. Once again, the radius of conver-
gence was determined, but this time through a computation involving complex hydrodynamic
spectral curves. The spectral curve is defined as the curve given by
F (k2, ω) = 0 , (1.3)
where F is proportional to the inverse of the corresponding retarded correlator, and its critical
points are given by
F (k2c , ωc) = 0 ,
∂F
∂ω
(k2c , ωc) = 0 . (1.4)
In order to determine the radius of convergence of hydrodynamics one should focus on the
hydrodynamic spectral curve, which are spectral curves that contain a solution with the property
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ω(k → 0) → 0, giving rise to the dispersion relation of a hydrodynamic mode. Using this
approach, [18, 19] concluded that the radius of convergence of hydrodynamics in their system
was finite.
A natural question to ask is how the two approaches for determining the radius of conver-
gence of hydrodynamics compare and what is the complete picture for the radius of convergence
as a function of the charge. The results that currently exist in the literature using the two ap-
proaches correspond to different values of the charge, Q, and different dimensions, d, and thus
direct comparison is not possible. However naive extrapolation of the result of [17] gives an
apparent disagreement, and this has led to confusion in the literature, which we clear up here.
In this paper, we carry out a thorough study of the radius of convergence as a function of the
charge for both d = 3 and d = 4 using both methods. As we will see in section 3 and 4, the
structure of the QNMs of the Reissner-Nordstro¨m black hole is particularly complex, involving
different types of pole collisions at different values of the charge. The consequence of this is that
the analytic branch of pole collisions studied in [17] is dominant only for intermediate values of
the charge, while a different collision sets the radius of convergence at neutrality, rendering it
finite.
More recently, [2] viewed the asymptotic nature of the real space derivative expansion
in relativistic hydrodynamics in terms of the state about which this expansion is performed,
rather than a generic property of the hydrodynamic gradient expansion itself. In particular, they
showed that the radius of convergence of the gradient expansion is finite only if the initial data
have support only for momenta below a critical value, set by the smallest value of momentum
where a hydrodynamic and non-hydrodynamic mode collide. The method developed in [2] is
quite general and applies across models and it’s a milestone in understanding the behaviour of
a large set of physical systems arising in heavy ion collisions and cosmology showing that the
expansion in real space gradients is divergent.
In addition to the radius of convergence, we will explore pole-skipping for charged black
branes. This phenomenon was first seen in [20], where it was shown that when the hydrodynamic
sound mode is driven to instability by a choice of a specific value of imaginary momentum
q = iq∗, then the retarded two-point function exhibits an exponential growth related to chaos;
the frequency and momentum are given by the holographic Lyapunov exponent and the butterfly
velocity. At this special point, the residue of the retarded two-point function of the energy
correlator vanishes and thus, this is a collision of a “zero” and a “pole” of the associated
correlator. As such, at the pole skipping point the correlator is infinitely multivalued, depending
on the way it is approached. It was later realised that pole skipping can be directly associated
with absence of a unique ingoing solution close to the black brane horizon [21]. To-date this
phenomenon is known to be more generic, in the sense that it manifests itself in all hydrodynamic
and non-hydrodynamic channels [18, 22], and depending on whether it appears in the upper or
lower frequency plane it might or might not be related to a chaotic behaviour. Holographically,
it has been studied mainly for the Schwarzschild black hole [20, 22] as well as for a neutral
black hole that explicitly breaks translation invariance [21]. The fermionic case was considered
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in[23]. From the field theory perspective, this phenomenon was investigated in [24] for effective
field theories and in [25] for conformal field theories with large central charge. As we will see
in section 5, pole-skipping persists in the presence of a chemical potential in all channels.
A natural question to ask is if there is any relation between q∗ and qc. This was investigated
in [18] for the Schwarzschild BH, where q∗ < qc in all channels, as well as for black holes that
explicitly break translation invariance where q∗ > qc. This led [18] to conclude that the two
scales are in general unrelated, and in fact, the results we obtain here support this idea.
The remainder of this paper is structured as follows. In section 2 we present the holographic
model of interest, which is simply described by Einstein-Maxwell theory with a negative cos-
mological constant, and we briefly discuss the computation of QNMs using the formalism of
master equations. In section 3 we proceed to determine the radius of convergence for the shear,
sound and charge diffusion hydrodynamic modes by studying the dispersion relation of the cor-
responding modes in the complex frequency and momentum plane, i.e. by using spectral curves.
In section 4 we re-compute the radius of convergence through a small-k expansion of the dis-
persion relation up to a very high order. We find that the two methods are in good quantitative
agreement. Finally we establish the phenomenon of pole-skipping for the Reissner-Nordstro¨m
black brane in section 5. We conclude with a discussion in 6. In appendix A, we give some
more technical details about the decoupled master equations that we used in this computation.
Note added: During the final stages of this calculation, we became aware of the results of
[26], with which there is some overlap. In [26], the authors study the radius of convergence using
the approach of the spectral curves for charged fluids in d = 4 for a certain range of charge (in
our units Q˜[0, 0.57]). This is to be contrasted with the current paper that considers both d = 3
and d = 4 using two different methods and for the complete range of Q˜, going from zero all
the way to extremality. Given their limited range for Q˜, they have missed some structure that
appears only at high values of Q˜. Furthermore for the range of Q˜ that was considered in [26],
the analytic branch of [17] already becomes the dominant collision in the shear channel for large
enough Q˜, but seems to be completely overlooked. We agree with their diffusion and sound
mode results, but we find that the last segment of their Figure 7 corresponds to a collision with
a non-hydro mode in the sound channel that is diffusive. In [26] the authors also investigate
the phenomenon of pole skipping for charged black holes, but they are interested only in the
upper-half plane for sound d = 4. Here we do a complete analysis of the phenomenon, including
the Matsubara frequencies in the lower half plane, in both d = 3, 4 in all channels.
2 Set up
We will consider Einstein-Maxwell theory in D = d+ 1 spacetime dimensions with action given
by
S =
∫
dxd+1
(
R− 2Λ− 1
4
Fµν F
µν
)
(2.1)
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where F ≡ dA, Λ = −d(d − 1)/2 is the cosmological constant and we have set the units by
fixing 16piG = 1. The variation of the action (2.1) gives rise to the following field equations of
motion
Rµν −
R
2
gµν −
d(d− 1)
2
gµν +
1
4
(
1
2
gµνFλρF
λρ − 2FµρFνρ
)
= 0 ,
∇µF µν = 0 . (2.2)
The above equations admit a unit-radius AdSd+1 vacuum solution with A = 0, which is dual to
a d dimensional CFT with an abelian global symmetry. Here we choose to place our boundary
theory at a finite temperature, T , and deform it by a chemical potential, µ. The corresponding
backreacted solution in the bulk is then given by the AdS-Reissner-Nordstro¨m (AdS-RN) black
brane
ds2 =
1
u2
(−f(u)dt2 + 2dt du+ dx2 + dy2) ,
A = µ(1− ud−2) dt , (2.3)
where
f(u) = 1− (1 +Q2) ud +Q2 u2(d−1) , Q2 = d− 2
2(d− 1)µ
2 . (2.4)
The black hole horizon is located at u = 1 in these coordinates and the (dimensionless) tem-
perature of the black hole is given by
T
µ
=
1
4pi µ
[
d−Q2(d− 2)] ≡ d
4pi µ
(1− Q˜2) . (2.5)
When Q˜ = 0 the system is neutral and the bulk solution (2.3) reduces to the AdS-Schwarzschild
black brane, while Q˜ = 1 corresponds to the extremal limit. Note that (2.3) is written in
Eddington-Finkelstein coordinates for later convenience.
2.1 Fluctuations around equilibrium
We now move on to study fluctuations around the background configuration (2.3). Within
the holographic framework, the modes that drive the microscopic theory to equilibrium cor-
respond to quasinormal modes (QNMs). A detailed account of quasinormal spectra for the
AdS-Schwarzschild and Reissner-Nordstro¨m backgrounds with translationally invariant hori-
zons was discussed previously in the literature [27]. In particular, for the charged case it is well
know that the electromagnetic and gravitational perturbations split into 3 sectors, depending
on their transformation properties: the tensor (for d > 3), the vector and the scalar sector.
The scalar sector corresponds to coupled equations containing the sound and charge diffusion
fluctuations, the vector are coupled equations containing the shear and transverse gauge field
fluctuations and the tensor modes are decoupled scalar equations. Out of these 5 types of
fluctuations only the shear, sound and diffusion contain hydrodynamic modes, meaning modes
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that obey dispersion relations such that the frequency approaches zero as the momentum is
decreased. These hydrodynamic modes correspond precisely to the shear, sound and diffusion
modes in the hydrodynamic limit of the dual CFT at finite T and µ that we are interested in.
Let us begin the computation of the QNMs by discussing in a bit more detail the equa-
tions governing the gravitational and electromagnetic perturbations corresponding to the above
modes and the boundary conditions that we need to impose. We use the formalism of master
equations, which was first derived for AdS-RN in [28]. More recently in [29] this was rederived
and generalized, resulting in a form that is better suited for our purposes (in particular getting
the potential in the form of 2.10).
Very briefly the idea is to first find all the gauge invariant combinations of the perturbations,
and then combine those further into what are called master scalars that satisfy Klein-Gordon
equations with certain potentials. The tensor sector contains a single master scalar Φ2, the
vector sector contains two, whose equations can be decoupled by taking certain linear combi-
nations that we will denote Φ1± and the same holds for the scalar sector, which we denote Φ0±.
Each of these master scalars satisfies a master equation of the form
Φi +Wi(u)Φi = 0 , (2.6)
where  is the Laplacian on the spacetime (2.3). Without loss of generality, we decompose the
master scalars into plane waves as
Φi(t, u, x) = e
−i(ωt−kx)Φi(u) , (2.7)
where ω and k are the frequency and momentum of the associated QNM. For convenience we
work with the dimensionless quantities λ = ω/(2piT ) and z = (k/(2piT ))2.
We will refer to each of the decoupled equations as a channel within the sector. So the
tensor sector only has a single equation, the tensor channel. The vector sector has two decoupled
equations, which are the shear channel, corresponding to the negative sign, and the transverse
channel corresponding to the positive sign. The scalar sector contains the sound channel,
corresponding to the positive sign, and the diffusion channel, corresponding to the negative
sign.
The potentials can be written as
W2(u) = 0 (2.8)
W1±(u) = U1(u)±∆1
d
2
ud (2.9)
W0±(u) = D(u)−2 (U0(u)±∆0V0(u)) , (2.10)
where U1, U0, V0 and D are polynomials in the radial coordinate u, with polynomial dependence
on the squared momentum z and the squared charge Q˜2. We further rescale the master scalars
as
Φi(u) = u
(d−1)/2Ψi(u) (2.11)
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to bring the equations into Schro¨dinger-like form. For the full details on these equations and
their derivation we refer the interested reader to [29].
Most importantly for our purposes as we shall see below,
∆1 =
√(
d− 2 + d Q˜2
)2
+ 2d(d− 1)zQ˜2(1− Q˜2)2 , (2.12)
∆0 =
√(
d− 2 + d Q˜2
)2
+ 4d (d− 2) zQ˜2(1− Q˜2)2 . (2.13)
Note that in the case d = 3 the two ∆’s are equal.
Let us now move on to discuss the boundary condition that we impose. In the IR we
need to impose ingoing boundary conditions, which since we are using Eddington-Finkelstein
coordinates simply means regularity
Ψi = ψ
(0)
i + ψ
(1)
i (u− 1) + . . . . (2.14)
In the UV we require the absence of sources for the gravitational and electromagnetic pertur-
bations. In terms of the master scalars this turns out to lead to mixed boundary conditions in
the scalar channel when d = 3. In appendix A we show precisely why this is the case.
For the numerical computation of QNMs we used the Mathematica package of [30].
3 Non-perturbative computation of radius of convergence
The aim of this section is to extract the radius of convergence of the hydrodynamic expansion
for the shear, sound and diffusion collective excitations by studying the spectral curves of the
corresponding QNMs and identifying points of non-analyticity. We carry out this computation
for both d = 3 and d = 4, and we scan the whole range Q˜[0, 1], going from the chargeless
case all the way to extremality. We consider slices of the hydrodynamic spectral curve in the
complex frequency, λ, and momentum, z, plane along which |z| = const. In this context non-
analyticities correspond to sudden changes in the shape of these curves caused by collisions of
the hydrodynamic modes with gapped ones.
A careful analysis of the spectral curves of the three hydrodynamic modes contained in our
system led to the results shown in figure 1. In the panels (a)-(b),(c)-(d) and (e)-(f) we show
the values of the momenta at which the spectral curves of the hydrodynamic shear, sound and
diffusion modes become non-analytic in d = 3 and d = 4 dimensions, respectively. In each case
there are several branches that appear over different ranges of the charge Q˜. The radius of
convergence is then set by the smallest absolute value of momentum at which a pole collision
occurs, depicted in the plots with solid lines. The dashed lines correspond to the same collisions
but in regions where they are no longer dominant. The circles in the plots for the sound and
shear correspond to the results for the radius of convergence obtained through a perturbative
calculation in small-k and we will come back to them in section 4.
In particular, we see that the radius of convergence for all the hydrodynamic modes is finite
at Q˜ = 0 as expected from the analysis of [18, 19], and in quantitative agreement those results
– 8 –
in the d = 4 case. Interestingly, in the extremal limit, Q˜→ 1, the radius of convergence for the
shear and sound modes goes to zero. This matches nicely the results of [31, 32], where they
consider shear and sound QNMs for the extremal RN black brane in AdS4 and they found a
branch cut along the negative imaginary frequency axis.
Figure 1. Radius of convergence as a function of the charge in the system for the hydrodynamic
modes in our system, namely shear, sound and charge diffusion in d = 3 and d = 4. Each line on these
plots corresponds to a different branch of pole collisions, with the solid (dashed) lines indicating where
each branch is dominant (subdominant). As Q˜ = Q/Qmax is varied, different branches are responsible
for setting the radius of convergence. Transition points are indicated with dashed vertical lines. The
circles correspond to the results for the radius of convergence obtained using a perturbative expansion
of the corresponding dispersion relations in small momenta up to a very high order, as discussed in
section 4. We see that the two methods are in good quantitative agreement.
Let us now give some more details about the various branches of collisions seen in figure 1
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, starting for the shear channel. As can be seen from figure 1(a) and (b), we get qualitatively
the same picture in d = 3 and d = 4. Thus, for the sake of brevity, we will focus on the shear
mode in d = 3.
• Red branch: In this branch the radius of convergence is set by a collision between the
shear mode and a non-hydrodynamic mode also in the shear channel. In figure 2(a) we
show a representative example at charge Q˜ = 0.2 and momentum |k|2 = |kc|2 = 4.48.
The purple diamonds correspond to the location of the poles for real k. The purely
imaginary one is the hydrodynamic shear mode, which traces the upper black curve as
the phase is rotated. The other two are a pair of non-hydrodynamic modes that trace
the lower black curve. The collision happens at the locations marked with stars, for
k2 = k2c = 4.48 e
± ipi 0.067, with the red arrows indicating the movement towards the collision
at positive phase. The branch point in the corresponding Green’s function is square-root
type.
• Blue branch: In figure 2(b) we show a representative collision on the blue branch, for
d = 3, Q˜ = 1/2 and momenta |k|2 = |kc|2 = 2.3. The color-coding is the same as before,
with the addition of the purple line which corresponds to (gapped) transverse gauge
fluctuations. We see a qualitative change in the spectrum due to a collision between the
two modes occurring precisely at the locations marked with blue stars at k2 = k2c = −2.3.
The collision is between the shear mode and one of a pair of non-hydrodynamic modes
in the transverse channel. The other mode in the pair collides simultaneously with a
non-hydrodynamic mode in the shear channel.
This type of collision was first discussed in [17] and the value of the critical point can
actually be determined analytically by setting ∆1 = 0:
zshearc = −
(
d− 2 + dQ˜2
)2
2d(d− 1)Q˜2(1− Q˜)2 < 0 . (3.1)
At these values of the momentum, the shear and transverse gauge mode satisfy the same
equation of motion and thus all the modes included in the two channels collide pairwise
with each other. As it was also pointed out in [17], this branch point is of square-root
type.
• Green branch: In figure 2(c), we show the pole collision for the shear mode for d = 3,
Q˜ = 0.9. In this case the non-analyticity is located at |kc|2 = 2.52 (k2c = −2.52).This is
due to a collision between the hydrodynamic shear mode and a non-hydrodynamic mode
in the shear channel. Note that the latter is purely diffusive and is different from the
non-hydrodynamic mode involved in the red branch collision. At this large charge this
mode has come in from minus infinity and is the dominant non-hydrodynamic mode. This
collision occurs at the location indicated by the green star and the corresponding branch
cut is also of square-root type. As can be seen in figure 1, there is a qualitative change
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along this branch. Even though the modes involved in this collision are the same, initially
the collision takes place at imaginary k, while later on it switches to a complex value. This
can be clearly seen in figure 2(d) for d = 3, Q˜ = 0.92 and |kc|2 = 2.17 (k2c = 2.17 e± ipi 0.118).
Another typo in Green branch: As one approaches extremality, |kc| → 0 indicating the
appearance of a branch cut at the origin along the negative z-axis at extremality.
Figure 2. Quasinormal modes in the shear channel in d = 3 at fixed |k|2, illustrating the qualitatively
different types of collisions. Purple diamonds indicate the QNMs at real momentum and stars indicate
the collisions, with the color matching the color in figure 1. The red arrows indicate the movement of
the modes as the phase approaches the critical value.
Let us now move on to very briefly discuss the sound channel. Just like in the shear,
the radius of convergence of the hydrodynamic sound mode, shown in 1(c) and (d), exhibits 3
distinct branches of collisions that become dominant at different values of the charge.
• Red branch: The red branch, just like in shear, is defined as being dominated by a
pole collision of the hydrodynamic sound with a gapped mode in the same channel. This
collision occurs at complex values of the momentum z.
• Blue branch: The pole collisions along the blue, analytic branch in the sound channel
occur precisely at the location where ∆0 = 0, namely at:
zsound = −
(
d− 2 + dQ˜2
)2
4d(d− 2)Q˜2(1− Q˜)2 < 0 . (3.2)
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The defining characteristic of this branch is a collision between the hydrodynamic sound
and diffusion mode, the latter of which is already beyond its radius of convergence.
• Green branch: This branch is characterised by the collision of the hydrodynamic sound
mode with a gapped, diffusive mode in the same channel. This collision happens at z < 0
and corresponds to a two-sheet branch point.
For the sound channel, rather than discussing every type of collision in detail, we highlight
a particularly interesting one. In d = 4 dimensions, this happens at Q˜ = 0.445, which is plotted
in great detail in figure 3. The brown line corresponds to the hydrodynamic sound mode, the
green line to a diffusive non-hydrodynamic mode in the sound channel and the lilac line to the
diffusion mode. As the red arrows indicate, at λ = −i, four QNMs collide simultaneously at
the lower blue star. As such, we expect that point to correspond to a 4-sheet critical point,
unlike all other non analyticities shown so far. This happens at every transition between two
branches of collisions. Another pole collision occurs at λ = +i.
Figure 3. Spectral curve for the sound hydrodynamic mode for d = 4, Q˜ = Q/Qmax = 0.445, at fixed
|k|2 = |kc|2 = 4.90, which corresponds to the transition point between the blue branch and the green
branch. The brown line corresponds to the hydrodynamic sound mode, the green line to a diffusive
non-hydrodynamic mode in the sound channel and the lilac line to the diffusion mode. The pole
collisions are indicated by the blue stars. At the critical point located at λ = −i we see a collision
between 4 QNMs implying a multiplicity 4 branch point.
Last but not least we also have the charge diffusion channel, which is the simplest of the
three. Just like for shear and sound, the red branch corresponds to a collision of the hydro-
dynamic diffusion with a gapped mode in the same channel and the blue branch corresponds
to the analytic branch (3.2) where the mode of interest collides with sound, which is already
beyond its convergence radius,
Before moving on, let us emphasise that there are several other pole collisions that take place
at lower values of momenta that involve only non-hydrodynamic modes. These do not play any
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role when determining the radius of convergence of the collective excitations in the system, but
they contain information about the convergence of the small-k expansion of non-hydrodynamic
mode dispersion relations and are important if one wants to resum the non-hydrodynamic
modes.
4 Perturbative calculation of radius of convergence
Given the complicated structure of the complex QNMs in the presence of charge, we cross verify
the results presented in figure 1 through a perturbative calculation. In particular, we compute
the small-k expansion of the dispersion relation for the hydrodynamic shear and sound modes
as in (1.1), to high order by solving iteratively the equations of motion for the corresponding
fluctuations order by order. With the perturbative coefficient of the dispersion relations at hand,
we can then extract the radius of convergence and compare with the results of the previous
section. We have checked both d = 3 and d = 4 and we find excellent quantitative agreement,
as shown already in figure 1. This section is an extension of the calculation presented in [17].
4.1 Shear
For the shear mode we perform an expansion in even powers of the momentum k for both the
master field and the frequency
λ =
N∑
n=1
λnk
2n ,
Ψ1− =
N∑
n=0
ψnk
2n , (4.1)
up to a large but finite order N .
In the IR we again impose regularity:
ψn = α
(0)
n + α
(1)
n (1− u) + . . . , (4.2)
where using linearity of the equation we set:
α(0)n =
1 , n = 00, n = 1 . (4.3)
In the UV, after rescaling Ψ1− by a power of u to set the leading power to zero, we have
the expansion:
ψn = ψ
J
n + ψ
V
n u
d−2 + . . . , (4.4)
where the first term corresponds to the source and the second to the vacuum expectation value.
We want to find a solution with vanishing source, which at a given order only exists for the
appropriate λn. The first order can easily be solved as ψ1(u) = u
d−2. In order to solve the higher
orders, we provide a guess for λn and then solve the equation subject to boundary condition
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(4.3). The equation then fixes the source, which we iteratively set to zero using a root finding
algorithm by varying the coefficient λn.
With the coefficients λn at hand, one can extract the radius of convergence from the be-
haviour of |λn| at high values of n. In particular, the slope of this function in a logarithmic
scale contains information about |kc|2, while its periodicity reflects the argument. In figure 4(a)
we plot theses coefficients for the shear mode for Q˜ = 0.5, d = 4, along with the fit we used
for extracting k2c indicated by the orange line. As one can see from the figure our numerical
approach is powerful enough to extract up to N = 720 perturbative coefficients, allowing us to
calculate the radius of convergence very accurately. To be specific, we find the radius of conver-
gence extracted perturbatively to be |kc|2 = 6.01, as opposed to |kc|2 = 6 obtained analytically.
This corresponds to a percentage error of 0.2%.
Repeating this process, we scan the whole range of Q˜ for both d = 3, 4 and we already
included our results in figure 1(a)-(b) with the circles —for these data we only went up to
order N = 120. We see a very good quantitative agreement with the radius of convergence
obtained form considerations of spectral curves. Theoretically the two approaches are expected
to coincide given the Puiseux Theorem under the condition that F (ω, q) is analytic at ω = 0.
4.2 Sound
We now repeat the perturbative analysis for the sound mode. In this case we found it more
convenient to work with the gauge invariant fields of [27], which we call ΦH ,ΦA. Once again,
we do a small-k expansion for the fields and the frequency of the form
λ =
N∑
n=1
λnk
n ,
ΦH =
N∑
n=0
hnk
n , ΦA =
N∑
n=0
ank
n . (4.5)
Plugging this into the equations of motion we obtain a set of N nested pairs of second order
linear equations, that we solve numerically.
The method is very similar to the shear case. In the IR, we again impose regularity
hn = h
(0)
n + h
(1)
n (1− u) + . . .
an = a
(0)
n + a
(1)
n (1− u) + . . . (4.6)
where we use the linearity of the equations to set
h(0)n =
1 , n = 00, n = 1 . (4.7)
In the UV, again after an appropriate rescaling by a power of u, the asymptotic solution is:
hn = e
J
n + · · ·+ eVn ud + . . . ,
an = f
J
n + · · ·+ fVn ud−2 + . . . , (4.8)
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where eJn, f
J
n correspond to the sources e
V
n , f
V
n to the vacuum expectation values.
Compared to the shear we have one more equation, and correspondingly one more parameter
in the IR which is a(0)n . In order to solve this boundary condition problem we use the same
methodology as in the perturbative calculation for the shear, where we now tune λn and a
(0)
n
to set the two sources to zero.
In figure 4(b) we plot the resulting coefficients |λn| for the sound mode for Q˜ = 0.2, d = 3
on a logarithmic scale, where the orange line indicates the fit we used for extracting k2c . The
oscillations observed are indicative of the collision taking place at complex momenta.
Our results for other values of Q˜ and d can already be seen in figure 1(c)-(d). Note that
in the case of sound, the numerical calculation was much come computationally demanding
compared to the case of shear. This is reflected in the fact that we weren’t able to go to high
enough N within precision and thus the fits weren’t as accurate. Nevertheless, we see good
agreement with the results of the previous section.
Figure 4. Perturbative coefficients of the small-k expansion of the dispersion relation of the shear
mode for Q˜ = Q/Qmax = 0.5, d = 4 (panel a) and the sound mode for Q˜ = Q/Qmax = 0.2, d = 3
(panel b). By fitting appropriately these coefficients, as depicted by the solid black lines, we are able to
extract the corresponding radius of convergence to be k2c = −6.01 in panel (a) and k2c = 3.75 e± ipi 0.054
in panel (b).
5 Pole skipping for charged black branes
In this section we investigate the phenomenon of pole skipping in the presence of charge. This
phenomenon occurs at points on the imaginary frequency and momentum plane where lines
of zeros and poles of the corresponding retarded Green’s function overlap —these are to be
contrasted with the points analyzed in section 3 which correspond to overlaps of two lines of
poles, one of which corresponds to the hydrodynamic mode. As such, the various correlators
are not uniquely defined at these points but instead they are infinitely multivalued, depending
on how the point is approached.
As it was pointed out in [21, 22], the value of the frequency and momentum where pole
skipping occurs can be extracted directly by studying the IR behaviour of the gravitational
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system and identifying special point in the (λ, z) plane where the IR expansion is underde-
termined and thus there is no unique solution that is ingoing at the horizon. Following this
approach one can identify two types of pole skipping points, depending on whether they appear
in the upper or lower frequency plane. In particular, in the upper half frequency plane there
is only one such point, which is located in the sound channel. As such it is associated with
the exponential growth of the energy-energy correlator and thus chaos. On the other hand,
in the lower frequency plane we have pole skipping points at the Matsubara frequencies in all
channels. These are not expected to be related to chaos [22].
Other than its connection with chaos, this phenomenon is particularly interesting as it
provides an infinite set of analytic constraints on the dispersion relations of the modes of the
system and consequently the correlators themselves.
5.1 Matsubara frequencies
In this subsection, we show that at the Matsubara frequencies λm = −im (with m 6= 0) and
at specific values of the momentum z(m)∗ , all channels (including the ones that do not contain
any hydrodynamic modes) exhibit the phenomenon of pole-skipping. The values of z(m)∗ are
determined from the determinant of an m × m matrix M (m) obtained from the near-horizon
expansion of the master fields equations, as prescribed in [22].
In more detail, in Eddington-Finkelstein coordinates, imposing ingoing boundary conditions
at the horizon boils down to requiring regularity of the fluctuations at u = 1. We thus assume
that each of the master fields admits an IR expansion of the form
Φ =
∞∑
m=0
cm(1− u)m . (5.1)
Plugging this expression in the master equation and expanding close to the horizon, the equation
take the following form
M(λ, z) · c ≡

M11 (λ+ i) 0 0 . . .
M21 M22 (λ+ 2i) 0 . . .
M31 M32 M33 (λ+ 3i) . . .
. . . . . . . . . . . .


c0
c1
c2
. . .
 = 0 (5.2)
where Mij = Mij(z, λ, Q˜) —the specific formulas are lengthy and not very illuminating and
thus have been omitted. For frequencies λ 6= λm it is easy to iteratively solve this system of
algebraic equations, fixing the coefficients c1, c2, . . . in terms of c0. However, for λ = λm this
is not always possible: there are certain values of the momenta where not only c0 but also the
coefficient cm remains undetermined, leading to multiple ingoing solutions. To identify these
values of the momentum we follow the criterion of [22]
detM (m) = 0 ,
√
z ∂zdetM
(m) 6= 0 , (5.3)
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where we define M (m) as the matrix constructed by the first m rows and m columns of M .
The first criterion corresponds to the matrix M (m) being non-invertible leading an underdeter-
mined system for the coefficients of the near-horizon expansion, while the second one excludes
anomalous points. In this context an anomalous point is a point where, even though the near-
horizon expansion is not uniquely fixed, the corresponding Green’s function does not take the
appropriate pole skipping form characterized by the overlap of a series of poles and a series of
zeros. Note that the second constraint essentially demands that the pole skipping points are
of multiplicity one. Following the methodology above, we now present our results for the three
sectors of interest:
Tensor sector (d = 4): In this sector, we have identified m pole skipping points at each
Matsubara frequency
λm = −im , ztensor(m)∗ = {z(m)1 , . . . , z(m)m } . (5.4)
The expressions for z∗ are very complicated and are thus omitted. Note that at every level m,
there is one value of z∗ that is positive.
Vector sector: Just like in the tensor sector, here we also obtain pole skipping points at the
Matsubara frequencies
λm = −im , zvec(m)∗ = {z(m)1 , . . . , z(m)2m } . (5.5)
However, in this case we find 2m such points at each level, out of which at least one is positive.
Note that when Q˜ = 0, these decouple to m solutions corresponding to the transverse metric
perturbations studied in appendix E of [22] and m to transverse gauge field perturbations1.
Note however that this splitting is not even for all values of the charge: given that the pole
skipping point should lie on dispersions relation and these change as functions of the charge, it
is natural for the splitting across the two channels in this sector not to be always even and, in
fact, to change with the charge. This sector was briefly discussed in appendix E.5 of [22] for
m = 1 in d = 4 dimensions, and our results are in quantitative agreement.
Scalar sector: Matsubara frequencies also appear in the sound channelλ1 = −i , z
scal(1)
∗ = {z(1)1 , z(1)2 , z(1)3 } , m = 1
λm = −im , zscal(m)∗ = {z(m)1 , . . . , z(m)2m } , m ≥ 2 .
(5.6)
In the case with no charge, at m = 1, these points split into 2 modes in the sound channel and
1 mode in the diffusion channel and match the results of [22]. For bigger m, the modes split
evenly in the chargeless limit. At finite charge, the split depend on the value of Q˜. The extra
solution at m = 1 was also seen in the chargeless case of [22] and it’s simply a consequence of
the more complicated structure of the equations for the longitudinal metric perturbations.
1For d = 3 and m = 1 this solution is in fact an anomalous point and should be discarded.
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5.2 Pole skipping associated with chaos
In addition to the pole skipping points discussed above, in the sound channel there is one
additional point in the upper half frequency plane. It is located at λ∗ = +i and
zchaos∗ =
4/[3(Q˜
2 − 1)] , d = 3
3/[2(Q˜2 − 1)], d = 4 .
(5.7)
These values of frequency and momentum can be associated with the holographic Lyapunov
exponent and the butterfly velocity, determined independently by considering shock waves in
AdSd+1.These expressions agrees with the results of [18] in the case with no charge, Q˜ = 0, in
d = 4 and are associated with an exponential growth of the retarded two-point function related
to chaos.
In comparing |zchaos∗ | with the positive element in zvec(1)∗ (which always lie on the hydrody-
namic shear dispersion), we see that the two are equal to each other only when there is no charge
in the system (for both d = 3, 4). This supports the conclusion of [22] that the pole-skipping
points in the lower half plane are in general not fixed by the butterfly velocity and are thus not
related to chaos in a fundamental way.
It is interesting to note that in the extremal limit, the value of the momentum associated
to chaos goes to zero
lim
Q˜→1
(2piT )2
µ2
|zchaos∗ | = 0 . (5.8)
However, this result should be taken with a grain of salt as it is not clear a priori that the
near-horizon and extremal limit commute and thus a direct IR analysis in the extremal limit
might yield a different result. It would be interesting to confirm this with a direct calculation
at extremality.
5.3 Comments
There are three points that we would like to emphasis:
• It is astonishing how much non-trivial information about the Green’s functions is stored
in the pole skipping points: they provide an infinite set of constraints on the dispersion
relations of the poles of the corresponding correlators. To this end, we have checked the
relationship between the dispersion relations of the five modes in the system and the pole
skipping values for the chaos point and for the Matsubara frequencies up to m = 5. For
example in figure 5 we show such a comparison for the vector and scalar channels for
z real. In particular in panel (a), focusing on d = 3, Q˜ = 0.9, we plot the dispersion
relations of the shear channel with orange and the dispersion for the transverse gauge
with black. The corresponding Matsubara points are indicate with the red and purple
points respectively and we see a perfect match. Similarly, in panel (b) the orange lines
correspond to the dispersion of the charge diffusion and the black lines to the sound
channel d = 4, Q˜ = 0.9. Once again we see a perfect agreement with the red and purple
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points respectively. Focusing on the hydrodynamic sound mode dispersion, we see that
other than the chaos point that is located in the upper half frequency plane (and not
explicitly shown in this figure), no other Matsubara point lies along its dispersion. On
the contrary, the hydrodynamic shear and diffusion dispersions have a pole skipping point
on them at every Matsubara frequency.
Figure 5. Comparison of the pole skipping points at the Matsubara frequencies with the full dispersion
relations for real z. Panel (a): The orange (black) lines correspond to the shear (transverse) channel
for d = 3, Q˜ = Q/Qmax = 0.9. Panel (b): The orange (black) lines correspond to the diffusion (sound)
channel for d = 4, Q˜ = Q/Qmax = 0.9. In both panels, the red and purple points correspond to
the locations of pole skipping and it is easy to see they all lie along dispersion relations, either of
hydrodynamic or non-hydrodynamic QNMs. Note that complex pole skipping points are not visible
on this plots.
• In figure 6 (a) we compare the radius of convergence for the sound mode for d = 4 with
|zchaos∗ |, which is depicted by the brown line. We see that for Q˜ > 0.45, the radius of
convergence is smaller than the pole skipping value that is associated to chaos, while
the opposite is true for Q˜ < 0.45. We conclude that the two are unrelated, which is in
agreement with the conclusion of [18]. We also carry out a similar comparison for the
shear channel. In particular, in figure 6 (b) we indicate the two solutions in |zvec(1)∗ | in
brown, where the segments plotted with a solid lines correspond to pole skipping points
that lie along the shear dispersion 2. We conclude that there is no strict relationship
between pole skipping and radius of convergence in this channel either.
• In the sound channel, of particular interest are the cases (Q˜, |k|2) = (0.5, 4.5) for d = 4
and (Q˜, |k|2) = (1/√5, 2.4) for d = 3, at which the analytic branch intersects the chaos
point. The first of these cases is plotted in figure 7. The brown line corresponds to the
hydrodynamic sound mode, the green line to a diffusive non-hydrodynamic mode in the
sound channel and the lilac line to the diffusion mode. At this value of |k|2 we are slightly
above the radius of convergence. The sound mode has already collided with the diffusive
2Note that the solid brown line at higher values correspond to the hydrodynamic shear mode, while the other
one to a non-hydrodynamic mode in the same channel
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non-hydrodynamic mode at |k|2 = |kc|2 = 1.95 and subsequently, at |k|2 = 2, it undergoes
a second collision. In particular, in figure 7 we see three pair-wise pole collision (compare
to figure 3). One of these occurs precisely at the chaos pole skipping point at λ = +i and
purely imaginary k —we indicate this point with an orange circle.
Figure 6. Panel (a): Comparison of the radius of convergence for the sound mode for d = 4 with
|zchaos∗ | as a function of Q˜ = Q/Qmax. Panel (b): Comparison of the radius of convergence for the
shear mode for d = 4 with the two solutions in |zvec(1)∗ |, which are depicted in brown. The top brown
line corresponds to pole skipping along the hydrodynamic shear mode dispersion. The bottom brown
curve correspond to pole skipping points along the transverse gauge mode (dashed segment) and a
gapped mode in the shear channel (solid segment). In both panel (a) and (b) we see that as the charge
in the system is varied, the relationship between the two quantities changes. This leads us to conclude
that the two are unrelated.
6 Discussion
In this work we have extracted the radius of convergence of the collective modes of a charged
fluid in a microscopic theory dual to the RN black brane in d = 3, 4 dimensions using two
different methods. The first one involves the study of spectral curves on the complex frequency
and momentum plane, while the second one involves a perturbative expansion in small momenta
up to a very large order. The two methods give results that are in good quantitative agreement.
Our results clear up the apparent confusion in the literature regarding the analytic branch of
[17] and its compatibility with the results of [18, 19] for the neutral case. As shown is section 3,
this type of pole collision becomes subdominant in the limit of no charge and as such, does not
set the radius of convergence. Instead, the latter is set by a different type of collision that occurs
at a finite value of the momenta, rendering the radius of convergence finite at Q˜ = 0. In the
opposite limit, Q˜ → 1, corresponding to the extremal case, the radius of convergence of shear
and sound, which is set by different type of collision, vanishes in the limit. For the diffusion
mode it remains finite. These results match nicely the findings of [31, 32] which indicate that
corelators associated to the shear and sound collective excitations exhibit branch cuts along the
negative imaginary frequency axis.
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Figure 7. Spectral curve of the hydrodynamic sound mode on the complex frequency plane for
d = 4, Q˜ = Q/Qmax = 0.5 at fixed |k|2 = 4.5. The brown line corresponds to the hydrodynamic sound
mode, the green line to a diffusive non-hydrodynamic mode in the sound channel and the lilac line to
the diffusion mode. This value of the momenta is beyond the radius of convergence and, in fact, lies
along the subdominant blue branch. This is precisely the reason why we see collisions corresponding
to the blue and the green branch at the locations indicated by the stars. The pole skipping point in
marked with an orange circle and clearly lies along the hydrodynamic sound dispersion.
We also carried out a detailed analysis of the phenomenon of pole skipping in the case
of RN black branes in both d = 3 and d = 4 dimensions. Extending the results of [22], we
obtained a set of pole skipping points on the lower frequency plane corresponding to Matsubara
frequencies. We also identified one such point on the upper half frequency plane, related to
the exponential growth of the energy-energy two-point function and associated to quantum
chaos, extending the results of [20] to finite charge. We have tested and confirmed that all these
points lie along dispersion relations of hydrodynamic or non-hydrodynamic modes, providing an
infinite set of constraints for the dispersion relations of these modes. Finally, we compared the
radius of convergence in the sound and shear channels with the pole skipping points associated
with chaos and with the lowest Matsubara frequency in the vector channel, as functions of the
charge. We concluded that there is no fundamental connection between the two: depending of
the value of Q˜, the pole-skipping point can be within or outside the radius of convergence of
hydrodynamics.
As we explained in the main text, our results for the extremal limit for pole skipping should
be taken with caution. This is because it is not clear a priori if the extremal limit and the near-
horizon expansion commute. It would be interesting to repeat this computation starting directly
at zero temperature. Furthermore, it is interesting to establish how generic are our results for
the radius of convergence and whether or not they apply to other holographic systems with
finite chemical potential such as the STU model [33]. One could also attempt to extend the
formalism of [34] to the extremal case as well as to the case with non-zero charge.
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Finally, it would be interesting to exploit our perturbative results in order to investigate
further the possibility of Pade-resummation in the sound channel in order to go beyond the
branch point singularity and recover some of the non-hydrodynamic modes, along the lines of
[17] .
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A Master Equations
In this appendix we derive the UV boundary conditions (corresponding to the QNM condition
of vanishing sources at the boundary) for the master scalar in the scalar channel in d = 3. To do
this we need to know how the master scalar is related to the gauge invariant combinations. To
keep the discussion brief we give only the essential details here and refer the interested reader
to [29] for more information. The two gauge invariants we focus on are Htt and At, which are
built respectively on the fluctuations δgtt and δat with corrections from other components to
make them invariant under infinitesimal gauge and coordinate transformations. There are four
more gauge invariant combinations, which can be related to these two using the perturbation
equations.
Near the boundary these two invariants fall off as
Htt = JHu
−2 − 3iλ
2
(1− Q˜2)JHu−1 −
9z
8
(1− Q˜2)2JH +OHu (A.1)
−
[3iλ
8
(1− Q˜2)
(
(1 + 3Q˜2)JH + 4
√
3Q˜JA + 4OH
)
(A.2)
+
√
3Q˜OA +
81z2
128
(1− Q˜2)4JH
]
u2 +O(u3) , (A.3)
At = JA +OAu−
3
8
(1− Q˜2)
(
3JAz(1− Q˜2) + 4iλOA
)
u2 +O(u3) , (A.4)
where J and O are the sources and vacuum expectation values. The QNM boundary conditions
are JH = JA = 0.
To see what this means for the master scalars, we invert the map giving the gauge invariants
in terms of the master equations of [29]. Plugging in the asymptotics of Eq. (A.1) with the
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sources set to zero into that we obtain
ΦH = −
(
8OH
27(1− Q˜2)4(z − λ2)2
)
u (A.5)(
4(8 + 24Q˜2 − 9iλz(1− Q˜2)3)OH + 32
√
3(z − λ2)Q˜(1− Q˜2)2OA
81(1− Q˜2)6z(z − λ2)2
)
u2 +O(u3) , (A.6)
ΦA = −
(
8OA
27(1− Q˜2)3√z(z − λ2)
)
u (A.7)
−
(
8
√
3Q˜OH + 9iλ(z − λ2)(1− Q˜2)3OA
81(1− Q˜2)5√z(z − λ2)2
)
u2 +O(u3) . (A.8)
If we rescale both master scalars as Φ = uΦf we can identify the first term with Φf (0) and the
second with Φf ′(0), we obtain the mixed boundary conditions
Φf ′H(0) = −
3iλ
2
(1− Q˜2)ΦfH(0)−
4
3z
1 + 3Q˜2
(1− Q˜2)2Φ
f
H(0)−
4√
3z
Q˜
1− Q˜2Φ
f
A(0) , (A.9)
Φf ′A (0) = −
3iλ
2
(1− Q˜2)ΦfA(0)−
4Q˜√
3z(1− Q˜2)Φ
f
H(0) . (A.10)
Finally the equations are decoupled by taking the linear combinations
Φ0± = Φ
f
A +
1 + 3Q˜2 ±∆0√
8zQ˜(1− Q˜2)Φ
f
H . (A.11)
This also decouples the boundary conditions, which become
Φ′0±(0) = −
3iλ
2
(1− Q˜2)Φ0±(0)−
2(1 + 3Q˜2 ±∆0)
3z(1− Q˜2)2 Φ0±(0) . (A.12)
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